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a b s t r a c t
Molodtsov initiated the concept of soft set theory, which can be used as a generic mathe-
matical tool for dealing with uncertainty. However, it has been pointed out that classical
soft sets are not appropriate to deal with imprecise and fuzzy parameters. In this paper,
the notion of the interval-valued intuitionistic fuzzy soft set theory is proposed. Our
interval-valued intuitionistic fuzzy soft set theory is a combination of an interval-valued
intuitionistic fuzzy set theory and a soft set theory. In other words, our interval-valued
intuitionistic fuzzy soft set theory is an interval-valued fuzzy extension of the intuitionistic
fuzzy soft set theory or an intuitionistic fuzzy extension of the interval-valued fuzzy soft
set theory. The complement, ‘‘and’’, ‘‘or’’, union, intersection, necessity and possibility ope-
rations are defined on the interval-valued intuitionistic fuzzy soft sets. The basic properties
of the interval-valued intuitionistic fuzzy soft sets are also presented and discussed.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Soft set theory was firstly proposed by Molodtsov in 1999 [1]. Such a theory is a general mathematical tool for dealing
with uncertain, fuzzy, not clearly defined objects. Where the soft set theory is different from traditional tools for dealing
with uncertainties, such as the theory of probability [2], the theory of fuzzy sets [3], the theory of intuitionistic fuzzy sets
[4,5] and the theory of rough sets [6], is that it is free from the inadequacy of the parameterization tools of those theories [7].
It has been demonstrated that soft set theory brings about a rich potential for applications in many fields such as function
smoothness, Riemann integration, decision making, measurement theory, game theory, etc. [8].
Soft set theory has received much attention since its introduction by Molodtsov. The concept and basic properties of soft
set theory are presented in [9,1]. However, several assertions presented by Maji et al. [9] are not true in general [10]. Based
on the analysis of several operations on soft sets introduced in [9], Ali et al. [10] present some new algebraic operations for
soft sets and prove that certain DeMorgan’s laws hold in soft set theorywith respect to these new definitions. Maji et al. [11]
introduced the soft sets into the decision making problem that is based on the concept of knowledge reduction in the rough
set theory [6]. Chen et al. [12] presented a newdefinition of soft set parameterization reduction and compared this definition
with the related concept of knowledge reduction in the rough set theory. Kong et al. [13] introduced the definition of normal
parameter reduction into soft sets and then presented a heuristic algorithm to compute normal parameter reduction of soft
sets. Recently, Xiao et al. [14] propose the notion of exclusive disjunctive soft sets and study some of its operations.
Obviously, we can see that all of theseworksmentioned above are based on the classical soft set theory. In fact, the soft set
model can also be combined with other mathematical models [7]. For example, by amalgamating the soft sets and algebra,
Aktas and Cagman [15] introduce the basic properties of soft sets, compare soft sets to the related concepts of fuzzy sets [3]
and rough sets [6], point out that every fuzzy set and every rough set may be considered a soft set, and give a definition
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of soft groups. Jun [16] applied soft sets to the theory of BCK/BCI-algebras, and introduced the concept of soft BCK/BCI-
algebras. Jun and Park [17] and Jun et al. [18,19] reported the applications of soft sets in ideal theory of BCK/BCI-algebras
and d-algebras. Feng et al. [20] defined soft semirings and several related notions to establish a connection between soft sets
and semirings. Sun et al. [21] present the definition of soft modules and construct some basic properties using modules and
Molodtsov’s definition of soft sets. Aygunoglu and Aygun [22] introduce the concept of fuzzy soft group and in themeantime,
discuss some properties and structural characteristics of fuzzy soft group. Maji et al. [23] presented the concept of the fuzzy
soft set which is based on a combination of the fuzzy set and soft set models. Roy and Maji [24] proposed the concept of
a fuzzy soft set and provided its properties and an application in decision making under an imprecise environment. Kong
et al. [25] argued that the Roy–Maji method [24] was incorrect and presented a revised algorithm. Yang et al. [26] defined
the operations on fuzzy soft sets, which are based on three fuzzy logic operations: negation, triangular norm and triangular
conorm. Zou and Xiao [27] introduced the soft sets and fuzzy soft sets into the incomplete environment respectively. Xiao
et al. [28] propose a combined forecasting approach based on fuzzy soft sets. Feng et al. [29] present an adjustable approach
to fuzzy soft set based decision making and give some illustrative examples. Feng et al. [30] initiated concepts of rough soft
sets, soft rough sets and soft rough fuzzy sets. Xu et al. [8] introduce the notion of vague soft sets which is an extension to
the soft sets and is based on a combination of the vague set [31] and soft set models. Majumdar and Samanta [32] further
generalized the concept of fuzzy soft sets as introduced by Maji et al. [23], in other words, a degree is attached with the
parameterization of fuzzy sets while defining a fuzzy soft set. In order to extend the expressive power of soft sets, Jiang
et al. [33] use the concepts of Description Logics (DLs) [34] to act as the parameters of soft sets. That is, an extended soft set
theory based on DLs is presented in [33]. Especially, Maji et al. [35–37] presented the notion of the intuitionistic fuzzy soft
set theory which is based on a combination of the intuitionistic fuzzy set [4,5] and soft set models. Yang et al. [7] presented
the concept of the interval-valued fuzzy soft sets by combining the interval-valued fuzzy set [38,39] and soft set models.
The purpose of this paper is to combine the interval-valued intuitionistic fuzzy sets [40,41,38] and soft sets, from
which we can obtain a new soft set model: interval-valued intuitionistic fuzzy soft set theory. Intuitively, interval-valued
intuitionistic fuzzy soft set theory presented in this paper is an interval-valued fuzzy extension of the intuitionistic fuzzy soft
set theory [35–37] or an intuitionistic fuzzy extension of the interval-valued fuzzy soft set theory [7]. That is, our interval-
valued intuitionistic fuzzy soft set theory is a combination of the intuitionistic fuzzy soft set theory and the interval-valued
fuzzy soft set theory.
The rest of this paper is organized as follows. The following section briefly reviews some background on soft sets, fuzzy
soft sets, intuitionistic fuzzy soft sets and interval-valued fuzzy soft sets. In Section3,wepropose the concepts andoperations
of interval-valued intuitionistic fuzzy soft sets and discuss their properties in detail. Finally, in Section 4, we draw the
conclusion and present some topics for future research.
2. Preliminaries
In the current sectionwewill briefly recall the notions of soft sets, fuzzy soft sets, intuitionistic fuzzy soft sets and interval-
valued fuzzy soft sets. See especially [35,9,23,36,37,1,7] for further details and background.
Molodtsov [1] defined the soft set in the following way. Let U be an initial universe of objects and E the set of parameters
in relation to objects in U . Parameters are often attributes, characteristics, or properties of objects. Let P (U) denote the
power set of U and A ⊆ E.
Definition 1. A pair 〈F , A〉 is called a soft set over U , where F is a mapping given by F : A→ P (U).
In other words, the soft set is not a kind of set, but a parameterized family of subsets of the set U [9,1,7,26]. For any
parameter ε ∈ A, F(ε) ⊆ U may be considered as the set of ε-approximate elements of the soft set 〈F , A〉.
Maji et al. [23] initiated the study on hybrid structures involving both fuzzy sets and soft sets. They introduced the notion
of fuzzy soft sets, which can be seen as a fuzzy generalization of (crisp) soft sets. Maji et al. [23] proposed the concept of the
fuzzy soft sets as follows.
Definition 2. Let F (U) be the set of all fuzzy subsets of U . Let E be a set of parameters and A ⊆ E. A pair 〈F , A〉 is called a
fuzzy soft set over U , where F is a mapping given by F : A→ F (U).
It is easy to see that every (classical) soft set may be considered as a fuzzy soft set [29]. Generally speaking, for any
parameter ε ∈ A, F(ε) is a fuzzy subset of U and it is called fuzzy value set of parameter ε. If for any parameter ε ∈ A, F(ε)
is a crisp subset of U , then 〈F , A〉 is degenerated to be the standard soft set. Let us denote µF(ε)(x) by the membership
degree that object x holds parameter ε where x ∈ U and ε ∈ A, then F(ε) can be written as a fuzzy set such that
F(ε) = {〈x, µF(ε)(x)〉 : x ∈ U}.
Before introduce the notion of the intuitionistic fuzzy soft sets, let us give the concept of intuitionistic fuzzy sets [4,5].
Let a set E be fixed. An intuitionistic fuzzy set or IFS in E is an object having the form A = {〈x, µA(x), γA(x)〉| x ∈ E}, where
the functions µA : E → [0, 1] and γA : E → [0, 1] define the degree of membership and the degree of non-membership
respectively of the element x (∈ E) to the set A. For any x ∈ E, 0 ≤ µA(x)+ γA(x) ≤ 1.
By introducing the concept of intuitionistic fuzzy sets into the theory of soft sets, Maji et al. [35–37] proposed the concept
of the intuitionistic fuzzy soft sets as follows.
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Definition 3. Consider U and E as a universe set and a set of parameters respectively. IF (U) denotes the set of all
intuitionistic fuzzy sets of U . Let A ⊆ E. A pair 〈F , A〉 is an intuitionistic fuzzy soft set over U , where F is a mapping given by
F : A→ IF (U).
Generally speaking, for any parameter ε ∈ A, F(ε) is an intuitionistic fuzzy subset of U and it is called intuitionistic fuzzy
value set of parameter ε. Clearly, F(ε) can be written as an intuitionistic fuzzy set such that F(ε) = {〈x, µF(ε)(x), γF(ε)(x)〉 :
x ∈ U}, where µF(ε)(x) and γF(ε)(x) be the membership and non-membership functions respectively. If ∀x ∈ U, γF(ε)(x) =
1 − µF(ε)(x), then F(ε) will degenerated to be a standard fuzzy set and then 〈F , A〉 will be degenerated to be a traditional
fuzzy soft set.
In the following, we will introduce the notion of interval-valued fuzzy soft sets [7]. First, let us briefly introduce the
concept of the interval-valued fuzzy sets [39].
An interval-valued fuzzy set X on a universe U is a mapping such that X : U → Int([0, 1]), where Int([0, 1]) stands for
the set of all closed subintervals of [0, 1], the set of all interval-valued fuzzy sets on U is denoted by IVF (U).
Suppose that X ∈ IVF (U),∀x ∈ U, µX (x) = [µ−X (x), µ+X (x)] is called the degree of membership of an element x to X .
µ−X (x) and µ
+
X (x) are referred to as the lower and upper degrees of membership of x to X where 0 ≤ µ−X (x) ≤ µ+X (x) ≤ 1.
Definition 4. Let U be an initial universe and E be a set of parameters. IVF (U) denotes the set of all interval-valued fuzzy
sets ofU . Let A ⊆ E. A pair 〈F , A〉 is an interval-valued fuzzy soft set overU , where F is amapping given by F : A→ IVF (U).
An interval-valued fuzzy soft set is a parameterized family of interval-valued fuzzy subsets of U , thus, its universe is
the set of all interval-valued fuzzy sets of U , i.e., IVF (U). An interval-valued fuzzy soft set is also a special case of a soft
set because it is still a mapping from parameters to IVF (U). For any parameter ε ∈ A, F(ε) is referred as the interval
fuzzy value set of parameter ε, it is actually an interval-valued fuzzy set of U where x ∈ U and ε ∈ A, it can be written as:
F(ε) = {〈x, µF(ε)(x)〉}, here, µF(ε)(x) is the interval-valued fuzzy membership degree that object x holds on parameter ε. If
∀x ∈ U, µ−F(ε)(x) = µ+F(ε)(x), then F(ε)will be degenerated to be a standard fuzzy set and then 〈F , A〉will be degenerated to
be a traditional fuzzy soft set.
3. Interval-valued intuitionistic fuzzy soft sets
In this section,wepresent the interval-valued intuitionistic fuzzy soft set theorywhich is an extension of the intuitionistic
fuzzy soft set theory [35–37] or the interval-valued fuzzy soft set theory [7]. In Section 3.1, we will give the definitions of
the interval-valued intuitionistic fuzzy soft sets. Next, in Section 3.2, we will discuss some operations and properties of the
interval-valued intuitionistic fuzzy soft sets.
3.1. Definitions
Obviously, by combining the interval-valued intuitionistic fuzzy sets [40,41,38] and soft sets, it is natural to define
the interval-valued intuitionistic fuzzy soft set model. First, let us briefly introduce the concept of the interval-valued
intuitionistic fuzzy sets.
Interval-valued intuitionistic fuzzy set (IVIFS) was first introduced by Atanassov and Gargov [41]. It is characterized by
an interval-valued membership degree and an interval-valued non-membership degree.
Definition 5 ([5,41]). An interval-valued intuitionistic fuzzy set on a universe X is an object of the form A = {〈x, µA(x),
γA(x)〉| x ∈ X}, where µA(x) : X → Int([0, 1]) and γA(x) : X → Int([0, 1]) (Int([0, 1]) stands for the set of all closed
subintervals of [0, 1]) satisfy the following condition: ∀x ∈ X, supµA(x)+ sup γA(x) ≤ 1.
The class of all IVIFS on X will be denoted by IVIF S(X).
We introduce the following notation: for an arbitrary set A ⊆ [0, 1] we define A = inf A and A = sup A. The union,
intersection and complement of the interval-valued intuitionistic fuzzy sets are defined as follows: let A, B ∈ IVIF S(X),
then
• the union of A and B is denoted by A ∪ Bwhere
A ∪ B = {〈x, [sup(µ
A
(x), µ
B
(x)), sup(µA(x), µB(x))], [inf(γ A(x), γ B(x)), inf(γ A(x), γ B(x))]〉| x ∈ X};
• the intersection of A and B is denoted by A ∩ Bwhere
A ∩ B = {〈x, [inf(µ
A
(x), µ
B
(x)), inf(µA(x), µB(x))], [sup(γ A(x), γ B(x)), sup(γ A(x), γ B(x))]〉| x ∈ X};
• the complement of A is denoted by AC where
AC = {〈x, γA(x), µA(x)〉| x ∈ X}.
Atanassov shows in [5] that A ∪ B, A ∩ B and AC are again IVIFSs.
Definition 6. Let U be an initial universe and E be a set of parameters. IVIF S(U) denotes the set of all interval-valued
intuitionistic fuzzy sets of U . Let A ⊆ E. A pair 〈F , A〉 is an interval-valued intuitionistic fuzzy soft set over U , where F is a
mapping given by F : A→ IVIF S(U).
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In other words, an interval-valued intuitionistic fuzzy soft set is a parameterized family of interval-valued intuitionistic
fuzzy subsets of U , thus, its universe is the set of all interval-valued intuitionistic fuzzy sets of U , i.e., IVIF S(U). An
interval-valued intuitionistic fuzzy soft set is also a special case of a soft set because it is still a mapping from parameters to
IVIF S(U).
For any parameter ε ∈ A, F(ε) is referred as the interval intuitionistic fuzzy value set of parameter ε, it is actually an
interval-valued intuitionistic fuzzy set of U where x ∈ U and ε ∈ A, it can be written as: F(ε) = {〈x, µF(ε)(x), γF(ε)(x)〉},
here, µF(ε)(x) is the interval-valued fuzzy membership degree that object x holds on parameter ε, γF(ε)(x) is the interval-
valued fuzzy membership degree that object x does not hold on parameter ε. To illustrate the idea, let us reconsider the
house example discussed previously [33,9,11,1,8,7].
Example 1. Consider an interval-valued intuitionistic fuzzy soft set 〈F , A〉, where U is a set of six houses under the con-
sideration of a decision maker to purchase, which is denoted by U = {h1, h2, . . . , h6}, and A is a parameter set, where
A = {e1, e2, e3, e4, e5} = {expensive, beautiful, wooden, in good repair, in the green surroundings}. The interval-valued in-
tuitionistic fuzzy soft set 〈F , A〉 describes the ‘‘attractiveness of the houses’’ to the decision maker.
Suppose that
F(e1) = {〈h1, [0.6, 0.8], [0.1, 0.2]〉, 〈h2, [0.8, 0.9], [0.05, 0.1]〉, 〈h3, [0.6, 0.7], [0.2, 0.25]〉,
〈h4, [0.65, 0.78], [0.15, 0.21]〉, 〈h5, [0.56, 0.68], [0.2, 0.3]〉, 〈h6, [0.68, 0.82], [0.11, 0.18]〉};
F(e2) = {〈h1, [0.7, 0.8], [0.15, 0.2]〉, 〈h2, [0.6, 0.7], [0.15, 0.21]〉, 〈h3, [0.5, 0.7], [0.2, 0.3]〉,
〈h4, [0.7, 0.75], [0.15, 0.25]〉, 〈h5, [0.6, 0.7], [0.25, 0.3]〉, 〈h6, [0.75, 0.85], [0.1, 0.15]〉};
F(e3) = {〈h1, [0.75, 0.85], [0.1, 0.15]〉, 〈h2, [0.5, 0.6], [0.2, 0.35]〉, 〈h3, [0.6, 0.8], [0.1, 0.18]〉,
〈h4, [0.68, 0.75], [0.1, 0.2]〉, 〈h5, [0.7, 0.8], [0.1, 0.2]〉, 〈h6, [0.7, 0.85], [0.1, 0.13]〉};
F(e4) = {〈h1, [0.8, 0.9], [0.01, 0.1]〉, 〈h2, [0.65, 0.75], [0.2, 0.25]〉, 〈h3, [0.66, 0.77], [0.2, 0.22]〉,
〈h4, [0.69, 0.78], [0.1, 0.2]〉, 〈h5, [0.72, 0.82], [0.1, 0.15]〉, 〈h6, [0.7, 0.8], [0.1, 0.19]〉};
F(e5) = {〈h1, [0.77, 0.88], [0.05, 0.1]〉, 〈h2, [0.6, 0.7], [0.2, 0.28]〉, 〈h3, [0.6, 0.73], [0.2, 0.25]〉,
〈h4, [0.63, 0.76], [0.15, 0.2]〉, 〈h5, [0.7, 0.83], [0.1, 0.17]〉, 〈h6, [0.7, 0.85], [0.1, 0.13]〉}.
The interval-valued intuitionistic fuzzy soft set 〈F , A〉 is a parameterized family {F(ei), i = 1, 2, 3, 4, 5} of interval-valued
intuitionistic fuzzy sets on U , and 〈F , A〉 = {expensive houses = {〈h1, [0.6, 0.8], [0.1, 0.2]〉, 〈h2, [0.8, 0.9], [0.05, 0.1]〉,
〈h3, [0.6, 0.7], [0.2, 0.25]〉, 〈h4, [0.65, 0.78], [0.15, 0.21]〉, 〈h5, [0.56, 0.68], [0.2, 0.3]〉, 〈h6, [0.68, 0.82], [0.11, 0.18]〉},
beautiful houses = {〈h1, [0.7, 0.8], [0.15, 0.2]〉, 〈h2, [0.6, 0.7], [0.15, 0.21]〉, 〈h3, [0.5, 0.7], [0.2, 0.3]〉, 〈h4, [0.7, 0.75],
[0.15, 0.25]〉, 〈h5, [0.6, 0.7], [0.25, 0.3]〉, 〈h6, [0.75, 0.85], [0.1, 0.15]〉}, . . . , in the green surroundings houses = {〈h1,
[0.77, 0.88], [0.05, 0.1]〉, 〈h2, [0.6, 0.7], [0.2, 0.28]〉, 〈h3, [0.6, 0.73], [0.2, 0.25]〉, 〈h4, [0.63, 0.76], [0.15, 0.2]〉, 〈h5, [0.7,
0.83], [0.1, 0.17]〉, 〈h6, [0.7, 0.85], [0.1, 0.13]〉}}.
Obviously, we can see that the precise evaluation for each object on each parameter is unknown while the lower and
upper limits of such an evaluation are given. For example, we cannot present the precise membership degree and non-
membership degree of how expensive house h1 is, however, house h1 is at least expensive on the membership degree of 0.6
and it is at most expensive on the membership degree of 0.8; house h1 is not at least expensive on the non-membership
degree of 0.1 and it is not at most expensive on the non-membership degree of 0.2.
Definition 7. Suppose that 〈F , A〉 is an interval-valued intuitionistic fuzzy soft set over U , F(ε) is the interval intuitionistic
fuzzy value set of parameter ε, then all interval intuitionistic fuzzy value sets in interval-valued intuitionistic fuzzy soft
set 〈F , A〉 are referred to as the interval intuitionistic fuzzy value class of 〈F , A〉 and is denoted by C〈F ,A〉, then we have
C〈F ,A〉 = {F(ε) : ε ∈ A}.
Definition 8. Let U be an initial universe and E be a set of parameters. Suppose that A, B ⊆ E, 〈F , A〉 and 〈G, B〉 are two
interval-valued intuitionistic fuzzy soft sets, we say that 〈F , A〉 is an interval-valued intuitionistic fuzzy soft subset of 〈G, B〉
if and only if
(1) A ⊆ B;
(2) ∀ε ∈ A, F(ε) is an interval-valued intuitionistic fuzzy subset of G(ε), that is, for all x ∈ U and ε ∈ A, µ
F(ε)
(x) ≤
µ
G(ε)
(x), µF(ε)(x) ≤ µG(ε)(x), γ F(ε)(x) ≥ γ G(ε)(x), and γ F(ε)(x) ≥ γ G(ε)(x).
This relationship is denoted by 〈F , A〉 b 〈G, B〉. Similarly, 〈F , A〉 is said to be an interval-valued intuitionistic fuzzy soft
superset of 〈G, B〉, if 〈G, B〉 is an interval-valued intuitionistic fuzzy soft subset of 〈F , A〉. We denote it by 〈F , A〉 c 〈G, B〉.
Example 2. Given two interval-valued intuitionistic fuzzy soft sets 〈F , A〉 and 〈G, B〉,U = {h1, h2, . . . , h6}. Here U is the set
of houses, A = {e1, e2} = {expensive, beautiful}, B = {e1, e2, e3} = {expensive, beautiful, wooden}, and
F(e1) = {〈h1, [0.6, 0.8], [0.1, 0.2]〉, 〈h2, [0.8, 0.9], [0.05, 0.1]〉, 〈h3, [0.6, 0.7], [0.2, 0.25]〉,
〈h4, [0.65, 0.78], [0.15, 0.21]〉, 〈h5, [0.56, 0.68], [0.2, 0.3]〉, 〈h6, [0.68, 0.82], [0.11, 0.18]〉};
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F(e2) = {〈h1, [0.7, 0.8], [0.15, 0.2]〉, 〈h2, [0.6, 0.7], [0.15, 0.21]〉, 〈h3, [0.5, 0.7], [0.2, 0.3]〉,
〈h4, [0.7, 0.75], [0.15, 0.25]〉, 〈h5, [0.6, 0.7], [0.25, 0.3]〉, 〈h6, [0.75, 0.85], [0.1, 0.15]〉};
G(e1) = {〈h1, [0.55, 0.75], [0.15, 0.25]〉, 〈h2, [0.5, 0.6], [0.2, 0.35]〉, 〈h3, [0.5, 0.6], [0.3, 0.4]〉,
〈h4, [0.62, 0.75], [0.2, 0.25]〉, 〈h5, [0.51, 0.65], [0.3, 0.35]〉, 〈h6, [0.6, 0.8], [0.15, 0.2]〉};
G(e2) = {〈h1, [0.6, 0.7], [0.2, 0.3]〉, 〈h2, [0.55, 0.65], [0.2, 0.25]〉, 〈h3, [0.46, 0.67], [0.22, 0.32]〉,
〈h4, [0.69, 0.71], [0.2, 0.28]〉, 〈h5, [0.5, 0.69], [0.3, 0.31]〉, 〈h6, [0.7, 0.8], [0.12, 0.19]〉};
G(e3) = {〈h1, [0.77, 0.88], [0.05, 0.1]〉, 〈h2, [0.6, 0.7], [0.2, 0.28]〉, 〈h3, [0.6, 0.73], [0.2, 0.25]〉,
〈h4, [0.63, 0.76], [0.15, 0.2]〉, 〈h5, [0.7, 0.83], [0.1, 0.17]〉, 〈h6, [0.7, 0.85], [0.1, 0.13]〉}.
Following Definition 8, we can obtain 〈F , A〉 b 〈G, B〉.
Definition 9. Let 〈F , A〉 and 〈G, B〉 be two interval-valued intuitionistic fuzzy soft sets over a universe U, 〈F , A〉 and 〈G, B〉
are said to be interval-valued intuitionistic fuzzy soft equal if and only if
(1) 〈F , A〉 is an interval-valued intuitionistic fuzzy soft subset of 〈G, B〉;
(2) 〈G, B〉 is an interval-valued intuitionistic fuzzy soft subset of 〈F , A〉.
We write 〈F , A〉 = 〈G, B〉.
3.2. Operations and properties
Now we define some operations on interval-valued intuitionistic fuzzy soft sets.
Definition 10. Let E = {e1, e2, . . . , en} be a parameter set. The not set of E denoted by eE is defined by eE = {¬e1,
¬e2, . . . ,¬en}where ¬ei = not ei.
Definition 11. The complement of an interval-valued intuitionistic fuzzy soft set 〈F , A〉 is denoted by 〈F , A〉C and is defined
by 〈F , A〉C = 〈F C , eA〉, where F C :eA → IVIF S(U) is a mapping given by F C (ε) = 〈x, γF(¬ε)(x), µF(¬ε)(x)〉 for all x ∈ U
and ε ∈eA.
Example 3. For Example 1, the complement of the interval-valued intuitionistic fuzzy soft set 〈F , A〉 is given as follows:
〈F , A〉C = {not expensive houses = {〈h1, [0.1, 0.2], [0.6, 0.8]〉, 〈h2, [0.05, 0.1], [0.8, 0.9]〉, 〈h3, [0.2, 0.25],
[0.6, 0.7]〉, 〈h4, [0.15, 0.21], [0.65, 0.78]〉, 〈h5, [0.2, 0.3], [0.56, 0.68]〉, 〈h6, [0.11, 0.18]〉, [0.68, 0.82]},
not beautiful houses = {〈h1, [0.15, 0.2], [0.7, 0.8]〉, 〈h2, [0.15, 0.21], [0.6, 0.7]〉, 〈h3, [0.2, 0.3], [0.5, 0.7]〉,
〈h4, [0.15, 0.25], [0.7, 0.75]〉, 〈h5, [0.25, 0.3], [0.6, 0.7]〉, 〈h6, [0.1, 0.15], [0.75, 0.85]〉},
not wooden houses = {〈h1, [0.1, 0.15], [0.75, 0.85]〉, 〈h2, [0.2, 0.35], [0.5, 0.6]〉, 〈h3, [0.1, 0.18], [0.6, 0.8]〉,
〈h4, [0.1, 0.2], [0.68, 0.75]〉, 〈h5, [0.1, 0.2], [0.7, 0.8]〉, 〈h6, [0.1, 0.13], [0.7, 0.85]〉},
not in good repair houses = {〈h1, [0.01, 0.1], [0.8, 0.9]〉, 〈h2, [0.2, 0.25], [0.65, 0.75]〉,
〈h3, [0.2, 0.22], [0.66, 0.77]〉, 〈h4, [0.1, 0.2], [0.69, 0.78]〉, 〈h5, [0.1, 0.15], [0.72, 0.82]〉,
〈h6, [0.1, 0.19], [0.7, 0.8]〉},
not in the green surroundings houses = {〈h1, [0.05, 0.1], [0.77, 0.88]〉, 〈h2, [0.2, 0.28], [0.6, 0.7]〉,
〈h3, [0.2, 0.25], [0.6, 0.73]〉, 〈h4, [0.15, 0.2], [0.63, 0.76]〉, 〈h5, [0.1, 0.17], [0.7, 0.83]〉,
〈h6, [0.1, 0.13], [0.7, 0.85]〉}}.
Definition 12. An interval-valued intuitionistic fuzzy soft set 〈F , A〉 over U is said to be a null interval-valued intuitionistic
fuzzy soft set denoted byΦ , if ∀ε ∈ A, µF(ε)(x) = [0, 0], γF(ε)(x) = [1, 1], x ∈ U .
Definition 13. An interval-valued intuitionistic fuzzy soft set 〈F , A〉 over U is said to be an absolute interval-valued intu-
itionistic fuzzy soft set denoted byΣ , if ∀ε ∈ A, µF(ε)(x) = [1, 1], γF(ε)(x) = [0, 0], x ∈ U .
Definition 14. If 〈F , A〉 and 〈G, B〉 be two interval-valued intuitionistic fuzzy soft sets over a universe U , then ‘‘〈F , A〉
and 〈G, B〉’’ is an interval-valued intuitionistic fuzzy soft set denoted by 〈F , A〉 ∧ 〈G, B〉 is defined by 〈F , A〉 ∧ 〈G, B〉 =
〈H, A × B〉,where H(α, β) = F(α) ∩ G(β),∀(α, β) ∈ A × B, that is, H(α, β)(x) = 〈[inf(µ
F(α)
(x), µ
G(β)
(x)), inf(µF(α)(x),
µG(β)(x))], [sup(γ F(α)(x), γ G(β)(x)), sup(γ F(α)(x), γ G(β)(x))]〉,∀(α, β) ∈ A× B, x ∈ U .
Definition 15. If 〈F , A〉 and 〈G, B〉 be two interval-valued intuitionistic fuzzy soft sets over a universe U , then ‘‘〈F , A〉 or
〈G, B〉’’ is an interval-valued intuitionistic fuzzy soft set denoted by 〈F , A〉 ∨ 〈G, B〉 is defined by 〈F , A〉 ∨ 〈G, B〉 =
〈O, A × B〉, where O(α, β) = F(α) ∪ G(β),∀(α, β) ∈ A × B, that is, O(α, β)(x) = 〈[sup(µ
F(α)
(x), µ
G(β)
(x)), sup(µF(α)(x),
µG(β)(x))], [inf(γ F(α)(x), γ G(β)(x)), inf(γ F(α)(x), γ G(β)(x))]〉,∀(α, β) ∈ A× B, x ∈ U .
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Theorem 1. Let 〈F , A〉 and 〈G, B〉 be two interval-valued intuitionistic fuzzy soft sets over U, then we have the following
properties:
(1) 〈〈F , A〉 ∧ 〈G, B〉〉C = 〈F , A〉C ∨ 〈G, B〉C ;
(2) 〈〈F , A〉 ∨ 〈G, B〉〉C = 〈F , A〉C ∧ 〈G, B〉C .
Proof. (1) Suppose that 〈F , A〉 ∧ 〈G, B〉 = 〈H, A× B〉. Then we have 〈〈F , A〉 ∧ 〈G, B〉〉C = 〈H, A× B〉C = 〈HC , e(A× B)〉.
Since 〈F , A〉C = 〈F C , eA〉 and 〈G, B〉C = 〈GC , eB〉, then we have 〈F , A〉C ∨ 〈G, B〉C = 〈F C , eA〉 ∨ 〈GC , eB〉. Assume that
〈F C , eA〉 ∨ 〈GC , eB〉 = 〈O, eA×eB〉 = 〈O, e(A× B)〉, where ∀(¬α,¬β) ∈eA×eB, x ∈ U ,
µO(¬α,¬β)(x) = [sup(µFC (¬α)(x), µGC (¬β)(x)), sup(µFC (¬α)(x), µGC (¬β)(x))] and
γO(¬α,¬β)(x) = [inf(γ FC (¬α)(x), γ GC (¬β)(x)), inf(γ FC (¬α)(x), γ GC (¬β)(x))].
Since 〈F , A〉C = 〈F C , eA〉 and 〈G, B〉C = 〈GC , eB〉, then we have F C (¬α) = 〈x, γF(α)(x), µF(α)(x)〉 and GC (¬β) = 〈x,
γG(β)(x), µG(β)(x)〉. Thus,
µ
FC (¬α)(x) = γ F(α)(x), µGC (¬β)(x) = γ G(β)(x), µFC (¬α)(x) = γ F(α)(x), µGC (¬β)(x) = γ G(β)(x), γ FC (¬α)(x)
= µ
F(α)
(x), γ
GC (¬β)(x) = µG(β)(x), γ FC (¬α)(x) = µF(α)(x), and γ GC (¬β)(x) = µG(β)(x).
Therefore, we have the following
µO(¬α,¬β)(x) = [sup(γ F(α)(x), γ G(β)(x)), sup(γ F(α)(x), γ G(β)(x))] and
γO(¬α,¬β)(x) = [inf(µF(α)(x), µG(β)(x)), inf(µF(α)(x), µG(β)(x))].
We take (¬α,¬β) ∈e(A×B). Since 〈H, A×B〉C = 〈HC , e(A×B)〉, thenwe haveHC (¬α,¬β) = 〈x, γH(α,β)(x), µF(α,β)(x)〉,
i.e., µHC(¬α,¬β)(x) = γH(α,β)(x) and γHC(¬α,¬β)(x) = µH(α,β)(x).
Since (¬α,¬β) ∈e(A × B), then (α, β) ∈ A × B. Since 〈F , A〉 ∧ 〈G, B〉 = 〈H, A × B〉, thus, H(α, β)(x) = 〈[inf(µ
F(α)
(x), µ
G(β)
(x)), inf(µF(α)(x), µG(β)(x))], [sup(γ F(α)(x), γ G(β)(x)), sup(γ F(α)(x), γ G(β)(x))]〉,∀x ∈ U . Therefore,
µH(α,β)(x) = [inf(µF(α)(x), µG(β)(x)), inf(µF(α)(x), µG(β)(x))] and
γH(α,β)(x) = [sup(γ F(α)(x), γ G(β)(x)), sup(γ F(α)(x), γ G(β)(x))].
Consequently, HC and O are the same operators. Thus, 〈〈F , A〉 ∧ 〈G, B〉〉C = 〈F , A〉C ∨ 〈G, B〉C .
(2) The proof is similar to that of (1). 
Theorem 2. Let 〈F , A〉, 〈G, B〉 and 〈H, C〉 be three interval-valued intuitionistic fuzzy soft sets over U, then we have the following
properties:
(1) 〈F , A〉 ∧ (〈G, B〉 ∧ 〈H, C〉) = (〈F , A〉 ∧ 〈G, B〉) ∧ 〈H, C〉;
(2) 〈F , A〉 ∨ (〈G, B〉 ∨ 〈H, C〉) = (〈F , A〉 ∨ 〈G, B〉) ∨ 〈H, C〉.
Proof. (1) Assume that 〈G, B〉 ∧ 〈H, C〉 = 〈I, B × C〉, where I(α, β) = G(α) ∩ H(β),∀(α, β) ∈ B × C . Thus, we have that
I(α, β)(x) = 〈[inf(µ
G(α)
(x), µ
H(β)
(x)), inf(µG(α)(x), µH(β)(x))], [sup(γ G(α)(x), γ H(β)(x)), sup(γ G(α)(x), γ H(β)(x))]〉,∀(α, β)∈ B× C, x ∈ U .
Since 〈F , A〉 ∧ (〈G, B〉 ∧ 〈H, C〉) = 〈F , A〉 ∧ 〈I, B × C〉, we suppose that 〈F , A〉 ∧ 〈I, B × C〉 = 〈K , A × (B × C)〉, where
K(δ, α, β) = F(δ) ∩ I(α, β), (δ, α, β) ∈ A× (B× C) = A× B× C . Hence,
K(δ, α, β)(x) = 〈[inf(µ
F(δ)
(x), µ
I(α,β)
(x)), inf(µF(δ)(x), µI(α,β)(x))],
[sup(γ
F(δ)
(x), γ
I(α,β)
(x)), sup(γ F(δ)(x), γ I(α,β)(x))]〉
= 〈[inf(µ
F(δ)
(x), inf(µ
G(α)
(x), µ
H(β)
(x))), inf(µF(δ)(x), inf(µG(α)(x), µH(β)(x)))],
[sup(γ
F(δ)
(x), sup(γ
G(α)
(x), γ
H(β)
(x))), sup(γ F(δ)(x), sup(γ G(α)(x), γ H(β)(x)))]〉.
We take (δ, α) ∈ A × B. Suppose that 〈F , A〉 ∧ 〈G, B〉 = 〈J, A × B〉, where J(δ, α) = F(δ) ∩ G(α). Thus, we have that
J(δ, α)(x) = 〈[inf(µ
F(δ)
(x), µ
G(α)
(x)), inf(µF(δ)(x), µG(α)(x))], [sup(γ F(δ)(x), γ G(α)(x)), sup(γ F(δ)(x), γ G(α)(x))]〉,∀(δ, α) ∈
A× B, x ∈ U .
Since (〈F , A〉 ∧ 〈G, B〉) ∧ 〈H, C〉 = 〈J, A × B〉 ∧ 〈H, C〉, we assume that 〈J, A × B〉 ∧ 〈H, C〉 = 〈O, (A × B) × C〉, where
O(δ, α, β) = J(δ, α) ∩ H(β), (δ, α, β) ∈ (A× B)× C = A× B× C . Hence,
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O(δ, α, β)(x) = 〈[inf(µ
J(δ,α)
(x), µ
H(β)
(x)), inf(µJ(δ,α)(x), µH(β)(x))],
[sup(γ
J(δ,α)
(x), γ
H(β)
(x)), sup(γ J(δ,α)(x), γ H(β)(x))]〉
= 〈[inf(inf(µ
F(δ)
(x), µ
G(α)
(x)), µ
H(β)
(x)), inf(inf(µF(δ)(x), µG(α)(x)), µH(β)(x))],
[sup(sup(γ
F(δ)
(x), γ
G(α)
(x)), γ
H(β)
(x)), sup(sup(γ F(δ)(x), γ G(α)(x)), γ H(β)(x))]〉
= 〈[inf(µ
F(δ)
(x), inf(µ
G(α)
(x), µ
H(β)
(x))), inf(µF(δ)(x), inf(µG(α)(x), µH(β)(x)))],
[sup(γ
F(δ)
(x), sup(γ
G(α)
(x), γ
H(β)
(x))), sup(γ F(δ)(x), sup(γ G(α)(x), γ H(β)(x)))]〉
= K(δ, α, β)(x).
Consequently, K and O are the same operators. Thus, 〈F , A〉 ∧ (〈G, B〉 ∧ 〈H, C〉) = (〈F , A〉 ∧ 〈G, B〉) ∧ 〈H, C〉.
(2) The proof is similar to that of (1). 
Definition 16. The union of two interval-valued intuitionistic fuzzy soft sets 〈F , A〉 and 〈G, B〉 over a universe U is an
interval-valued intuitionistic fuzzy soft set 〈H, C〉, where C = A ∪ B and ∀ε ∈ C ,
µH(ε)(x) =

µF(ε)(x), if ε ∈ A− B, x ∈ U
µG(ε)(x), if ε ∈ B− A, x ∈ U
[sup(µ
F(ε)
(x), µ
G(ε)
(x)), sup(µF(ε)(x), µG(ε)(x))], if ε ∈ A ∩ B, x ∈ U,
γH(ε)(x) =

γF(ε)(x), if ε ∈ A− B, x ∈ U
γG(ε)(x), if ε ∈ B− A, x ∈ U
[inf(γ
F(ε)
(x), γ
G(ε)
(x)), inf(γ F(ε)(x), γ G(ε)(x))], if ε ∈ A ∩ B, x ∈ U .
We denote it by 〈F , A〉 uniondbl 〈G, B〉 = 〈H, C〉.
Definition 17. The intersection of two interval-valued intuitionistic fuzzy soft sets 〈F , A〉 and 〈G, B〉 over a universe U is an
interval-valued intuitionistic fuzzy soft set 〈H, C〉, where C = A ∪ B and ∀ε ∈ C ,
µH(ε)(x) =

µF(ε)(x), if ε ∈ A− B, x ∈ U
µG(ε)(x), if ε ∈ B− A, x ∈ U
[inf(µ
F(ε)
(x), µ
G(ε)
(x)), inf(µF(ε)(x), µG(ε)(x))], if ε ∈ A ∩ B, x ∈ U,
γH(ε)(x) =

γF(ε)(x), if ε ∈ A− B, x ∈ U
γG(ε)(x), if ε ∈ B− A, x ∈ U
[sup(γ
F(ε)
(x), γ
G(ε)
(x)), sup(γ F(ε)(x), γ G(ε)(x))], if ε ∈ A ∩ B, x ∈ U .
We denote it by 〈F , A〉 e 〈G, B〉 = 〈H, C〉.
Theorem 3. Let E be a set of parameters, A ⊆ E. If Φ is a null interval-valued intuitionistic fuzzy soft set,Σ an absolute interval-
valued intuitionistic fuzzy soft set, and 〈F , A〉 and 〈F , E〉 two interval-valued intuitionistic fuzzy soft sets over U, then
(1) 〈F , A〉 uniondbl 〈F , A〉 = 〈F , A〉;
(2) 〈F , A〉 e 〈F , A〉 = 〈F , A〉;
(3) 〈F , E〉 uniondbl Φ = 〈F , E〉;
(4) 〈F , E〉 e Φ = Φ;
(5) 〈F , E〉 uniondblΣ = Σ ;
(6) 〈F , E〉 eΣ = 〈F , E〉.
Proof. It is easily obtained from Definitions 16 and 17. 
Theorem 4. If 〈F , A〉 and 〈G, B〉 are two interval-valued intuitionistic fuzzy soft sets over U, then we have the following
properties:
(1) 〈〈F , A〉 uniondbl 〈G, B〉〉C = 〈F , A〉C e 〈G, B〉C ;
(2) 〈〈F , A〉 e 〈G, B〉〉C = 〈F , A〉C uniondbl 〈G, B〉C .
Proof. (1) Assume that 〈F , A〉 uniondbl 〈G, B〉 = 〈H, C〉, where C = A ∪ B and ∀ε ∈ C ,
µH(ε)(x) =

µF(ε)(x), if ε ∈ A− B, x ∈ U
µG(ε)(x), if ε ∈ B− A, x ∈ U
[sup(µ
F(ε)
(x), µ
G(ε)
(x)), sup(µF(ε)(x), µG(ε)(x))], if ε ∈ A ∩ B, x ∈ U,
γH(ε)(x) =

γF(ε)(x), if ε ∈ A− B, x ∈ U
γG(ε)(x), if ε ∈ B− A, x ∈ U
[inf(γ
F(ε)
(x), γ
G(ε)
(x)), inf(γ F(ε)(x), γ G(ε)(x))], if ε ∈ A ∩ B, x ∈ U .
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Since 〈F , A〉 uniondbl 〈G, B〉 = 〈H, C〉, then we have 〈〈F , A〉 uniondbl 〈G, B〉〉C = 〈H, C〉C = 〈HC , eC〉, where
HC (¬ε) = 〈x, γH(ε)(x), µH(ε)(x)〉 for all x ∈ U and ¬ε ∈eC =e(A ∪ B) =eA∪eB. Hence,
µHC(¬ε)(x) =

γF(ε)(x), if ε ∈ A− B, x ∈ U
γG(ε)(x), if ε ∈ B− A, x ∈ U
[inf(γ
F(ε)
(x), γ
G(ε)
(x)), inf(γ F(ε)(x), γ G(ε)(x))], if ε ∈ A ∩ B, x ∈ U,
γHC(¬ε)(x) =

µF(ε)(x), if ε ∈ A− B, x ∈ U
µG(ε)(x), if ε ∈ B− A, x ∈ U
[sup(µ
F(ε)
(x), µ
G(ε)
(x)), sup(µF(ε)(x), µG(ε)(x))], if ε ∈ A ∩ B, x ∈ U .
Since 〈F , A〉C = 〈F C , eA〉 and 〈G, B〉C = 〈GC , eB〉, then we have 〈F , A〉C e 〈G, B〉C = 〈F C , eA〉 e 〈GC , eB〉. Suppose that
〈F C , eA〉 e 〈GC , eB〉 = 〈I,D〉, where D =eC =eA∪eB and we take ¬ε ∈ D,
µI(¬ε)(x) =

µFC (¬ε)(x), if ¬ε ∈ ¬A−¬B, x ∈ U
µGC (¬ε)(x), if ¬ε ∈ ¬B−¬A, x ∈ U[inf(µ
FC (¬ε)(x), µGC (¬ε)(x)), inf(µFC (¬ε)(x), µGC (¬ε)(x))], if ¬ε ∈ ¬A ∩ ¬B, x ∈ U
=

γF(ε)(x), if ε ∈ A− B, x ∈ U
γG(ε)(x), if ε ∈ B− A, x ∈ U
[inf(γ
F(ε)
(x), γ
G(ε)
(x)), inf(γ F(ε)(x), γ G(ε)(x))], if ε ∈ A ∩ B, x ∈ U,
γI(¬ε)(x) =

γFC (¬ε)(x), if ¬ε ∈ ¬A−¬B, x ∈ U
γGC (¬ε)(x), if ¬ε ∈ ¬B−¬A, x ∈ U[sup(γ
FC (¬ε)(x), γ GC (¬ε)(x)), sup(γ FC (¬ε)(x), γ GC (¬ε)(x))], if ¬ε ∈ ¬A ∩ ¬B, x ∈ U
=

µF(ε)(x), if ε ∈ A− B, x ∈ U
µG(ε)(x), if ε ∈ B− A, x ∈ U
[sup(µ
F(ε)
(x), µ
G(ε)
(x)), sup(µF(ε)(x), µG(ε)(x))], if ε ∈ A ∩ B, x ∈ U .
Therefore, HC and I are the same operators. Thus, 〈〈F , A〉 uniondbl 〈G, B〉〉C = 〈F , A〉C e 〈G, B〉C .
(2) The proof is similar to that of (1). 
Theorem 5. Let 〈F , A〉, 〈G, B〉 and 〈H, C〉 be three interval-valued intuitionistic fuzzy soft sets over U, then we have the following
properties:
(1) 〈F , A〉 e (〈G, B〉 e 〈H, C〉) = (〈F , A〉 e 〈G, B〉) e 〈H, C〉;
(2) 〈F , A〉 uniondbl (〈G, B〉 uniondbl 〈H, C〉) = (〈F , A〉 uniondbl 〈G, B〉) uniondbl 〈H, C〉;
(3) 〈F , A〉 e (〈G, B〉 uniondbl 〈H, C〉) = (〈F , A〉 e 〈G, B〉) uniondbl (〈F , A〉 e 〈H, C〉);
(4) 〈F , A〉 uniondbl (〈G, B〉 e 〈H, C〉) = (〈F , A〉 uniondbl 〈G, B〉) e (〈F , A〉 uniondbl 〈H, C〉).
Proof. In the following, we shall prove (1); (2)–(4) are proved analogously.
(1) Suppose that 〈〈G, B〉 e 〈H, C〉〉 = 〈I,D〉, where S = B ∪ C and ∀ε ∈ S,
µI(ε)(x) =

µG(ε)(x), if ε ∈ B− C, x ∈ U
µH(ε)(x), if ε ∈ C − B, x ∈ U
[inf(µ
G(ε)
(x), µ
H(ε)
(x)), inf(µG(ε)(x), µH(ε)(x))], if ε ∈ B ∩ C, x ∈ U,
γI(ε)(x) =

γG(ε)(x), if ε ∈ B− C, x ∈ U
γH(ε)(x), if ε ∈ C − B, x ∈ U
[sup(γ
G(ε)
(x), γ
H(ε)
(x)), sup(γ G(ε)(x), γ H(ε)(x))], if ε ∈ B ∩ C, x ∈ U .
Since 〈F , A〉 e (〈G, B〉 e 〈H, C〉) = 〈F , A〉 e 〈I, S〉, we suppose that 〈F , A〉 e 〈I, S〉 = 〈J, T 〉, where T = A ∪ S = A ∪ B ∪ C ,
then we have the following
µJ(ε)(x) =

µG(ε)(x), if ε ∈ B− C − A, x ∈ U
µH(ε)(x), if ε ∈ C − B− A, x ∈ U
µF(ε)(x), if ε ∈ A− B− C, x ∈ U
[inf(µ
G(ε)
(x), µ
H(ε)
(x)), inf(µG(ε)(x), µH(ε)(x))], if ε ∈ B ∩ C − A, x ∈ U
[inf(µ
F(ε)
(x), µ
H(ε)
(x)), inf(µF(ε)(x), µH(ε)(x))], if ε ∈ A ∩ C − B, x ∈ U
[inf(µ
G(ε)
(x), µ
F(ε)
(x)), inf(µG(ε)(x), µF(ε)(x))], if ε ∈ A ∩ B− C, x ∈ U
[inf(µ
F(ε)
(x), µ
G(ε)
(x), µ
H(ε)
(x)), inf(µF(ε)(x), µG(ε)(x), µH(ε)(x))], if ε ∈ A ∩ B ∩ C, x ∈ U,
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γJ(ε)(x) =

γG(ε)(x), if ε ∈ B− C − A, x ∈ U
γH(ε)(x), if ε ∈ C − B− A, x ∈ U
γF(ε)(x), if ε ∈ A− B− C, x ∈ U
[sup(γ
G(ε)
(x), γ
H(ε)
(x)), sup(γ G(ε)(x), γ H(ε)(x))], if ε ∈ B ∩ C − A, x ∈ U
[sup(γ
F(ε)
(x), γ
H(ε)
(x)), sup(γ F(ε)(x), γ H(ε)(x))], if ε ∈ A ∩ C − B, x ∈ U
[sup(γ
G(ε)
(x), γ
F(ε)
(x)), sup(γ G(ε)(x), γ F(ε)(x))], if ε ∈ A ∩ B− C, x ∈ U
[sup(γ
F(ε)
(x), γ
G(ε)
(x), γ
H(ε)
(x)), sup(γ F(ε)(x), γ G(ε)(x), γ H(ε)(x))], if ε ∈ A ∩ B ∩ C, x ∈ U .
Assume that 〈〈F , A〉 e 〈G, B〉〉 = 〈K , V 〉, where V = A ∪ B and ∀ε ∈ V ,
µK(ε)(x) =

µF(ε)(x), if ε ∈ A− B, x ∈ U
µG(ε)(x), if ε ∈ B− A, x ∈ U
[inf(µ
F(ε)
(x), µ
G(ε)
(x)), inf(µF(ε)(x), µG(ε)(x))], if ε ∈ A ∩ B, x ∈ U,
γK(ε)(x) =

γF(ε)(x), if ε ∈ A− B, x ∈ U
γG(ε)(x), if ε ∈ B− A, x ∈ U
[sup(γ
F(ε)
(x), γ
G(ε)
(x)), sup(γ F(ε)(x), γ G(ε)(x))], if ε ∈ A ∩ B, x ∈ U .
Since (〈F , A〉e〈G, B〉)e〈H, C〉 = 〈K , V 〉e〈H, C〉, we suppose that 〈K , V 〉e〈H, C〉 = 〈L,W 〉, whereW = V∪C = A∪B∪C ,
then we have the following
µL(ε)(x) =

µG(ε)(x), if ε ∈ B− C − A, x ∈ U
µH(ε)(x), if ε ∈ C − B− A, x ∈ U
µF(ε)(x), if ε ∈ A− B− C, x ∈ U
[inf(µ
G(ε)
(x), µ
H(ε)
(x)), inf(µG(ε)(x), µH(ε)(x))], if ε ∈ B ∩ C − A, x ∈ U
[inf(µ
F(ε)
(x), µ
H(ε)
(x)), inf(µF(ε)(x), µH(ε)(x))], if ε ∈ A ∩ C − B, x ∈ U
[inf(µ
G(ε)
(x), µ
F(ε)
(x)), inf(µG(ε)(x), µF(ε)(x))], if ε ∈ A ∩ B− C, x ∈ U
[inf(µ
F(ε)
(x), µ
G(ε)
(x), µ
H(ε)
(x)), inf(µF(ε)(x), µG(ε)(x), µH(ε)(x))], if ε ∈ A ∩ B ∩ C, x ∈ U,
γJ(ε)(x) =

γG(ε)(x), if ε ∈ B− C − A, x ∈ U
γH(ε)(x), if ε ∈ C − B− A, x ∈ U
γF(ε)(x), if ε ∈ A− B− C, x ∈ U
[sup(γ
G(ε)
(x), γ
H(ε)
(x)), sup(γ G(ε)(x), γ H(ε)(x))], if ε ∈ B ∩ C − A, x ∈ U
[sup(γ
F(ε)
(x), γ
H(ε)
(x)), sup(γ F(ε)(x), γ H(ε)(x))], if ε ∈ A ∩ C − B, x ∈ U
[sup(γ
G(ε)
(x), γ
F(ε)
(x)), sup(γ G(ε)(x), γ F(ε)(x))], if ε ∈ A ∩ B− C, x ∈ U
[sup(γ
F(ε)
(x), γ
G(ε)
(x), γ
H(ε)
(x)), sup(γ F(ε)(x), γ G(ε)(x), γ H(ε)(x))], if ε ∈ A ∩ B ∩ C, x ∈ U .
Therefore, µK(ε)(x) = µJ(ε)(x) and γK(ε)(x) = γJ(ε)(x) for all ε ∈ A∪ B∪ C, x ∈ U . That is, J and L are the same operators.
Thus, 〈F , A〉 e (〈G, B〉 e 〈H, C〉) = (〈F , A〉 e 〈G, B〉) e 〈H, C〉. 
Definition 18. The necessity operation on an interval-valued intuitionistic fuzzy soft set 〈F , A〉 is denoted by 〈F , A〉 and is
defined as〈F , A〉 = {〈x, µF(ε)(x), γF(ε)(x)〉| x ∈ U and ε ∈ A}. HereµF(ε)(x) = [µF(ε)(x), µF(ε)(x)] is the interval-valued
fuzzy membership degree that object x holds on parameter ε, γF(ε)(x) = [1−µF(ε)(x), 1−µF(ε)(x)] is the interval-valued
fuzzy membership degree that object x does not hold on parameter ε, and F is a mapping F : A→ IVIF S(U), IVIF S(U)
is the set of all interval-valued intuitionistic fuzzy sets of U .
Theorem 6. Let 〈F , A〉 and 〈G, B〉 be two interval-valued intuitionistic fuzzy soft sets over U, then we have the following
properties:
(1) 〈〈F , A〉 uniondbl 〈G, B〉〉 = 〈F , A〉 uniondbl 〈G, B〉;
(2) 〈〈F , A〉 e 〈G, B〉〉 = 〈F , A〉 e 〈G, B〉;
(3) 〈F , A〉 = 〈F , A〉.
Proof. In the following, we shall prove (1); (2) and (3) are proved analogously.
(1) Suppose that 〈F , A〉 uniondbl 〈G, B〉 = 〈H, C〉, where C = A ∪ B and ∀ε ∈ C ,
µH(ε)(x) =

µF(ε)(x), if ε ∈ A− B, x ∈ U
µG(ε)(x), if ε ∈ B− A, x ∈ U
[sup(µ
F(ε)
(x), µ
G(ε)
(x)), sup(µF(ε)(x), µG(ε)(x))], if ε ∈ A ∩ B, x ∈ U,
γH(ε)(x) =

γF(ε)(x), if ε ∈ A− B, x ∈ U
γG(ε)(x), if ε ∈ B− A, x ∈ U
[inf(γ
F(ε)
(x), γ
G(ε)
(x)), inf(γ F(ε)(x), γ G(ε)(x))], if ε ∈ A ∩ B, x ∈ U .
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Thus, 〈〈F , A〉 uniondbl 〈G, B〉〉 = 〈H, C〉. By Definition 18, we have the following
µH(ε)(x) =

µF(ε)(x), if ε ∈ A− B, x ∈ U
µG(ε)(x), if ε ∈ B− A, x ∈ U
[sup(µ
F(ε)
(x), µ
G(ε)
(x)), sup(µF(ε)(x), µG(ε)(x))], if ε ∈ A ∩ B, x ∈ U,
γH(ε)(x) =

[1− µF(ε)(x), 1− µF(ε)(x)], if ε ∈ A− B, x ∈ U[1− µG(ε)(x), 1− µG(ε)(x)], if ε ∈ B− A, x ∈ U[1− sup(µF(ε)(x), µG(ε)(x)), 1− sup(µF(ε)(x), µG(ε)(x))], if ε ∈ A ∩ B, x ∈ U .
Assume that 〈F , A〉 = {〈x, [µ
F(ε)
(x), µF(ε)(x)], [1 − µF(ε)(x), 1 − µF(ε)(x)]〉| x ∈ U and ε ∈ A} and 〈G, B〉 ={〈x, [µ
G(ε)
(x), µG(ε)(x)], [1−µG(ε)(x), 1−µG(ε)(x)]〉| x ∈ U and ε ∈ B}. Hence,〈F , A〉uniondbl〈G, B〉 = 〈O, C〉, where C = A∪B.
We take ε ∈ C ,
µO(ε)(x) =

µF(ε)(x), if ε ∈ A− B, x ∈ U
µG(ε)(x), if ε ∈ B− A, x ∈ U
[sup(µ
F(ε)
(x), µ
G(ε)
(x)), sup(µF(ε)(x), µG(ε)(x))], if ε ∈ A ∩ B, x ∈ U,
γO(ε)(x) =

[1− µF(ε)(x), 1− µF(ε)(x)], if ε ∈ A− B, x ∈ U[1− µG(ε)(x), 1− µG(ε)(x)], if ε ∈ B− A, x ∈ U[inf(1− µF(ε)(x), 1− µG(ε)(x)), inf(1− µF(ε)(x), 1− µG(ε)(x))], if ε ∈ A ∩ B, x ∈ U
=

[1− µF(ε)(x), 1− µF(ε)(x)], if ε ∈ A− B, x ∈ U[1− µG(ε)(x), 1− µG(ε)(x)], if ε ∈ B− A, x ∈ U[1− sup(µF(ε)(x), µG(ε)(x)), 1− sup(µF(ε)(x), µG(ε)(x))], if ε ∈ A ∩ B, x ∈ U .
Consequently, 〈H, C〉 and 〈O, C〉 are the same interval-valued intuitionistic fuzzy soft sets. Thus, 〈〈F , A〉 uniondbl 〈G, B〉〉 =
〈F , A〉 uniondbl 〈G, B〉. 
Definition 19. The possibility operation on an interval-valued intuitionistic fuzzy soft set 〈F , A〉 is denoted by♦〈F , A〉 and is
defined as♦〈F , A〉 = {〈x, µ♦F(ε)(x), γ♦F(ε)(x)〉| x ∈ U and ε ∈ A}. Here γ♦F(ε)(x) = [γ F(ε)(x), γ F(ε)(x)] is the interval-valued
fuzzymembership degree that object x does not hold on parameter ε, µ♦F(ε)(x) = [1−γ F(ε)(x), 1−γ F(ε)(x)] is the interval-
valued fuzzy membership degree that object x holds on parameter ε, and F is a mapping F : A→ IVIF S(U), IVIF S(U)
is the set of all interval-valued intuitionistic fuzzy sets of U .
Theorem 7. Let 〈F , A〉 and 〈G, B〉 be two interval-valued intuitionistic fuzzy soft sets over U, then we have the following
properties:
(1) ♦〈〈F , A〉 uniondbl 〈G, B〉〉 = ♦〈F , A〉 uniondbl♦〈G, B〉;
(2) ♦〈〈F , A〉 e 〈G, B〉〉 = ♦〈F , A〉 e♦〈G, B〉;
(3) ♦♦〈F , A〉 = ♦〈F , A〉.
Proof. In the following, we shall prove (1); (2) and (3) are proved analogously.
(1) Suppose that 〈F , A〉 uniondbl 〈G, B〉 = 〈H, C〉, where C = A ∪ B and ∀ε ∈ C ,
µH(ε)(x) =

µF(ε)(x), if ε ∈ A− B, x ∈ U
µG(ε)(x), if ε ∈ B− A, x ∈ U
[sup(µ
F(ε)
(x), µ
G(ε)
(x)), sup(µF(ε)(x), µG(ε)(x))], if ε ∈ A ∩ B, x ∈ U,
γH(ε)(x) =

γF(ε)(x), if ε ∈ A− B, x ∈ U
γG(ε)(x), if ε ∈ B− A, x ∈ U
[inf(γ
F(ε)
(x), γ
G(ε)
(x)), inf(γ F(ε)(x), γ G(ε)(x))], if ε ∈ A ∩ B, x ∈ U .
Thus,♦〈〈F , A〉 uniondbl 〈G, B〉〉 = ♦〈H, C〉. By Definition 19, we have the following
µ♦H(ε)(x) =

[1− γ F(ε)(x), 1− γ F(ε)(x)], if ε ∈ A− B, x ∈ U[1− γ G(ε)(x), 1− γ G(ε)(x)], if ε ∈ B− A, x ∈ U[1− inf(γ F(ε)(x), γ G(ε)(x)), 1− inf(γ F(ε)(x), γ G(ε)(x))], if ε ∈ A ∩ B, x ∈ U,
γ♦H(ε)(x) =

γF(ε)(x), if ε ∈ A− B, x ∈ U
γG(ε)(x), if ε ∈ B− A, x ∈ U
[inf(γ
F(ε)
(x), γ
G(ε)
(x)), inf(γ F(ε)(x), γ G(ε)(x))], if ε ∈ A ∩ B, x ∈ U .
Assume that ♦〈F , A〉 = {〈x, [1 − γ F(ε)(x), 1 − γ F(ε)(x)], [γ F(ε)(x), γ F(ε)(x)]〉| x ∈ U and ε ∈ A} and♦〈G, B〉 ={〈x, [1−γ G(ε)(x), 1−γ G(ε)(x)], [γ G(ε)(x), γ G(ε)(x)]〉| x ∈ U and ε ∈ B}. Hence,♦〈F , A〉uniondbl♦〈G, B〉 = 〈O, C〉, where C = A∪B.
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We take ε ∈ C ,
µO(ε)(x) =

[1− γ F(ε)(x), 1− γ F(ε)(x)], if ε ∈ A− B, x ∈ U[1− γ G(ε)(x), 1− γ G(ε)(x)], if ε ∈ B− A, x ∈ U[sup(1− γ F(ε)(x), 1− γ G(ε)(x)), sup(1− γ F(ε)(x), 1− γ G(ε)(x))], if ε ∈ A ∩ B, x ∈ U
=

[1− γ F(ε)(x), 1− γ F(ε)(x)], if ε ∈ A− B, x ∈ U[1− γ G(ε)(x), 1− γ G(ε)(x)], if ε ∈ B− A, x ∈ U[1− inf(γ F(ε)(x), γ G(ε)(x)), 1− inf(γ F(ε)(x), γ G(ε)(x))], if ε ∈ A ∩ B, x ∈ U,
γO(ε)(x) =

γF(ε)(x), if ε ∈ A− B, x ∈ U
γG(ε)(x), if ε ∈ B− A, x ∈ U
[inf(γ
F(ε)
(x), γ
G(ε)
(x)), inf(γ F(ε)(x), γ G(ε)(x))], if ε ∈ A ∩ B, x ∈ U .
Consequently, ♦〈H, C〉 and 〈O, C〉 are the same interval-valued intuitionistic fuzzy soft sets. Thus, ♦〈〈F , A〉 uniondbl 〈G, B〉〉 =
♦〈F , A〉 uniondbl♦〈G, B〉. 
Theorem 8. Let 〈F , A〉 be any interval-valued intuitionistic fuzzy soft set over U, we have the following properties:
(1) 〈F , A〉 b 〈F , A〉 b ♦〈F , A〉;
(2) ♦〈F , A〉 = 〈F , A〉;
(3) ♦〈F , A〉 = ♦〈F , A〉.
Proof. (1) Suppose that 〈F , A〉 = {〈x, [µ
F(ε)
(x), µF(ε)(x)], [γ F(ε)(x), γ F(ε)(x)]〉| x ∈ U and ε ∈ A}. Hence,
〈F , A〉 = {〈x, [µ
F(ε)
(x), µF(ε)(x)], [1− µF(ε)(x), 1− µF(ε)(x)]〉| x ∈ U and ε ∈ A} and
♦〈F , A〉 = {〈x, [1− γ F(ε)(x), 1− γ F(ε)(x)], [γ F(ε)(x), γ F(ε)(x)]〉| x ∈ U and ε ∈ A}.
Since µF(ε)(x) + γ F(ε)(x) ≤1, then we have 1 − µF(ε)(x) ≥ γ F(ε)(x). Thus, 1 − µF(ε)(x) ≥ γ F(ε)(x) ≥ γ F(ε)(x) and
1− µ
F(ε)
(x) ≥ 1− µF(ε)(x) ≥ γ F(ε)(x). Since µF(ε)(x) ≥ µF(ε)(x) and µF(ε)(x) ≥ µF(ε)(x), hence, 〈F , A〉 b 〈F , A〉.
Since µF(ε)(x) + γ F(ε)(x) ≤ 1, then we have 1 − γ F(ε)(x) ≥ µF(ε)(x). Thus, 1 − γ F(ε)(x) ≥ µF(ε)(x) ≥ µF(ε)(x) and
1− γ
F(ε)
(x) ≥ 1− γ F(ε)(x) ≥ µF(ε)(x). Since γ F(ε)(x) ≤ γ F(ε)(x) and γ F(ε)(x) ≤ γ F(ε)(x), hence, 〈F , A〉 b ♦〈F , A〉.
(2) Assume that 〈F , A〉 = {〈x, [µ
F(ε)
(x), µF(ε)(x)], [1− µF(ε)(x), 1− µF(ε)(x)]〉| x ∈ U and ε ∈ A}. Thus,
♦〈F , A〉 = {〈x, [1− (1− µ
F(ε)
(x)), 1− (1− µF(ε)(x))], [1− µF(ε)(x), 1− µF(ε)(x)]〉| x ∈ U and ε ∈ A}
= {〈x, [µ
F(ε)
(x), µF(ε)(x)], [1− µF(ε)(x), 1− µF(ε)(x)]〉| x ∈ U and ε ∈ A}
= 〈F , A〉.
(3) The proof is similar to that of (2). 
Theorem 9. Let 〈F , A〉 and 〈G, B〉 be two interval-valued intuitionistic fuzzy soft sets over U, then we have the following
properties:
(1) 〈〈F , A〉 ∧ 〈G, B〉〉 = 〈F , A〉 ∧ 〈G, B〉;
(2) 〈〈F , A〉 ∨ 〈G, B〉〉 = 〈F , A〉 ∨ 〈G, B〉;
(3) ♦〈〈F , A〉 ∧ 〈G, B〉〉 = ♦〈F , A〉 ∧ ♦〈G, B〉;
(4) ♦〈〈F , A〉 ∨ 〈G, B〉〉 = ♦〈F , A〉 ∨ ♦〈G, B〉.
Proof. (1) Suppose that 〈F , A〉 ∧ 〈G, B〉 = 〈H, A× B〉, where H(α, β) = F(α)∩G(β),∀(α, β) ∈ A× B, that is, H(α, β)(x) =
〈[inf(µ
F(α)
(x), µ
G(β)
(x)), inf(µF(α)(x), µG(β)(x))], [sup(γ F(α)(x), γ G(β)(x)), sup(γ F(α)(x), γ G(β)(x))]〉,∀(α, β) ∈ A × B, x ∈
U . Thus,
〈F , A〉 ∧ 〈G, B〉 = {〈x, [inf(µ
F(α)
(x), µ
G(β)
(x)), inf(µF(α)(x), µG(β)(x))],
[sup(γ
F(α)
(x), γ
G(β)
(x)), sup(γ F(α)(x), γ G(β)(x))]〉| x ∈ U and (α, β) ∈ A× B}.
By Definition 18, we have the following
〈〈F , A〉 ∧ 〈G, B〉〉 = {〈x, [inf(µ
F(α)
(x), µ
G(β)
(x)), inf(µF(α)(x), µG(β)(x))],
[1− inf(µF(α)(x), µG(β)(x)), 1− inf(µF(α)(x), µG(β)(x))]〉| x ∈ U and (α, β) ∈ A× B}.
Since 〈F , A〉 = {〈x, [µ
F(α)
(x), µF(α)(x)], [1 − µF(α)(x), 1 − µF(α)(x)]〉| x ∈ U and α ∈ A} and 〈G, B〉 ={〈x, [µ
G(β)
(x), µG(β)(x)], [1− µG(β)(x), 1− µG(β)(x)]〉| x ∈ U and β ∈ B}, then we have the following
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〈F , A〉 ∧ 〈G, B〉 = {〈x, [inf(µ
F(α)
(x), µ
G(β)
(x)), inf(µF(α)(x), µG(β)(x))],
[sup(1− µF(α)(x), 1− µG(β)(x)), sup(1− µF(α)(x), 1− µG(β)(x))]〉| x ∈ U and (α, β) ∈ A× B}
= {〈x, [inf(µ
F(α)
(x), µ
G(β)
(x)), inf(µF(α)(x), µG(β)(x))],
[1− inf(µF(α)(x), µG(β)(x)), 1− inf(µF(α)(x), µG(β)(x))]〉| x ∈ U and (α, β) ∈ A× B}
= 〈〈F , A〉 ∧ 〈G, B〉〉.
(2) The proof is similar to that of (1).
(3) Since 〈F , A〉 ∧ 〈G, B〉 = {〈x, [inf(µ
F(α)
(x), µ
G(β)
(x)), inf(µF(α)(x), µG(β)(x))], [sup(γ F(α)(x), γ G(β)(x)),
sup(γ F(α)(x), γ G(β)(x))]〉| x ∈ U and (α, β) ∈ A× B}, by Definition 19, we have the following
♦〈〈F , A〉 ∧ 〈G, B〉〉 = {〈x, [1− sup(γ F(α)(x), γ G(β)(x)), 1− sup(γ F(α)(x), γ G(β)(x))],
[sup(γ
F(α)
(x), γ
G(β)
(x)), sup(γ F(α)(x), γ G(β)(x))]〉| x ∈ U and (α, β) ∈ A× B}.
Since ♦〈F , A〉 = {〈x, [1 − γ F(α)(x), 1 − γ F(α)(x)], [γ F(α)(x), γ F(α)(x)]〉| x ∈ U and α ∈ A} and♦〈G, B〉 = {〈x, [1 −
γ G(β)(x), 1− γ G(β)(x)], [γ G(β)(x), γ G(β)(x)]〉| x ∈ U and β ∈ B}, then we have the following
♦〈F , A〉 ∧ ♦〈G, B〉 = {〈x, [inf(1− γ F(α)(x), 1− γ G(β)(x)), inf(1− γ F(α)(x), 1− γ G(β)(x))],
[sup(γ
F(α)
(x), γ
G(β)
(x)), sup(γ F(α)(x), γ G(β)(x))]〉| x ∈ U and (α, β) ∈ A× B}
= {〈x, [1− sup(γ F(α)(x), γ G(β)(x)), 1− sup(γ F(α)(x), γ G(β)(x))],
[sup(γ
F(α)
(x), γ
G(β)
(x)), sup(γ F(α)(x), γ G(β)(x))]〉| x ∈ U and (α, β) ∈ A× B}
= ♦〈〈F , A〉 ∧ 〈G, B〉〉.
(4) The proof is similar to that of (3). 
4. Conclusion
Soft set theory, proposed by Molodtsov, has been regarded as an effective mathematical tool to deal with uncertainty.
However, it is difficult to be used to represent the fuzziness of problemparameters. In order to handle these types of problem
parameters, some fuzzy extensions of soft set theory are presented, yielding fuzzy soft set theory. In this paper, the notion
of the interval-valued intuitionistic fuzzy soft set theory is proposed. Our interval-valued intuitionistic fuzzy soft set theory
is a combination of an interval-valued intuitionistic fuzzy set theory and a soft set theory. In other words, our interval-
valued intuitionistic fuzzy soft set theory is an interval-valued fuzzy extension of the intuitionistic fuzzy soft set theory or an
intuitionistic fuzzy extension of the interval-valued fuzzy soft set theory. The complement, ‘‘and’’, ‘‘or’’, union, intersection,
necessity and possibility operations are defined on the interval-valued intuitionistic fuzzy soft sets. The basic properties of
the interval-valued intuitionistic fuzzy soft sets are also presented and discussed. This new extension not only provides a
significant addition to existing theories for handling uncertainties, but also leads to potential areas of further field research
and pertinent applications. Our work in this paper is completely theoretical.
As far as future directions are concerned, these will include the parameterization reduction of the interval-valued
intuitionistic fuzzy soft sets. It is also desirable to further explore the applications of using the interval-valued intuitionistic
fuzzy soft set approach to solve real world problems such as decision making, forecasting, and data analysis.
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